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were tabulated to 6D. These four integrals are called Howland's integrals because they first appeared in Howland's papers dealing with the stresses in a perforated strip [2, 3] . In another paper, C. B. Ling has reproduced the 6D tables of Howland's integrals from [1] and added tables of other integrals derived from them [4] .
Values of Howland's Integrals to 9D
. For most purposes, 6D tables of Howland's integrals are adequate. This is usually true in plane-stress problems of elasticity involving straight bars of rectangular cross-section, for example. However, the author has found that even in such problems the stresses are more easily evaluated in all regions of interest in the bar without resorting to contour integration if 9D rather than 6D tables of Howland's integrals are available. The 9D values of Howland's integrals given in Table 1 were computed by the author and have been checked by using the following checking formulas [1] :
¿ (1 -72*+1) -h -i, ¿ 2fc(l -In) = 272 -i
The method of computing the integrals is explained in [1] and this explanation will not be repeated here.
3. Values of 72t, In, and to 18D. Recently the author has encountered a need for still more precise values of some of the Howland's integrals. This occurs in the Hankel transform or Fourier-Bessel integral solutions [5, 6, 7] for problems of elasticity involving axially symmetric loading of a thick plate of infinite radius, must be evaluated. In equation (4), J<¡(px) and Jx{ax) are Bessel functions of order zero and unity, respectively. Sneddon [5, 6] describes an approximate method of evaluating such integrals. He and his associates appear to have treated only cases where the double sign in the denominator has the plus value, but, presumably, their method could be extended to cases where the double sign takes the minus value. Sneddon's approximate method does not involve the use of Howland's integrals. For a limiting case of the integral in equation (4), namely a = 0 and double sign taken as plus, Sneddon found that his approximate method gave errors of the order of 1 % for p = 0 to 5. However, the author found that Sneddon's approximate method applied to the integral in equation (4) gave an error of about 7% for p = 0, a = 1, and double sign taken plus. Comparable errors in certain other integrals were obtained by the approximate method so that, in a certain thermal stress problem (radius of heated region equal to thickness of plate), the errors in normal stresses on the axis of the plate ranged up to 21.8% of the greatest normal stress occurring anywhere on the axis or 9.3% of the greatest normal stress occurring anywhere in the plate.
The author has felt that it is desirable to be able to obtain the values of integrals such as those considered in the foregoing two paragraphs with an accuracy better than that obtainable by Sneddon's approximate method. The more accurate values may at least be used to check a few values obtained by the approximate method in cases of doubt, and the availability of accurate values of the integrals occurring in thick-plate problems may even be found essential in the extension of the Hankel transform method to problems not yet considered. The author first attempted to evaluate the stresses in a thick-plate problem [7] with the aid of the ÖD values of Howland's given in Table 1 and found that only a very limited range of values of the parameters p and a in integrals such as that of equation (4) could be successfully dealt with. For this reason, the 18D values of two of the four Howland's integrals, Ik and Ik*, for even integral k, were computed. These are given in Table 2 and discussed further in the following. Green and Willmore [9] encountered integrals similar to those discussed in the present paper except that theirs contained only one Bessel function. They used Howland's integrals for the simpler integrals they had to evaluate and Sneddon's approximate method for the rest. Apparently the Fouricr-Besscl integral method was first applied to thick plate problems by Lamb [10] , who made no attempt to evaluate the integrals. Dougall [11] proposed that integrals such as the example in equation (4), but containing only one Bessel function, be evaluated by contour integration, but apparently no one has cared to perform the task involved which appears to be considerable even though the roots of sinh z ± z = 0 are known.
If the integral taken as an example in equation (4) is expressed as a series of Howland integrals by expanding the numerator of the integrand in powers of x, only even powers of x will occur in this expansion. Thus the integral can be evaluated if adequate values of 7* or 7** are available for even integral k, and if the series converges or can somehow be summed. From a consideration of various loading conditions of a thick plate, it appears to the author that as long as the axiallysymmetric loading of the plate consists only of boundary loads on the plane faces (i.e. no body forces), all other integrals needed can also be evaluated from tables of h and 7** for even integral k. Accordingly, the values of 7* and 7** given to 18D in Table 2 are believed to be the only Howland integrals needed in a fairly broad class of thick-plate problems. Again the reader is referred to [1] for the general method of computing the integrals in Table 2 . However, it should be stated here that the method depends on the basic equation (5) where (6) 
sinh" x and that the values in Table 2 have been checked by using the second and fourth of equations (3). When these checks were first applied, errors were indicated. To eliminate these errors, they had to be located and this was facilitated by applying another checking formulât f For n = 1,
Equation (7) is obtained by writing the series of integrals represented by the left member of the equation, interchanging the order of summation and integration, performing the summation which requires merely recognition of the Maclaurin sinh x expansion of cosh x-and then performing the evaluation of the resulting elementary integral as follows:
x"~2(x cosh x -sinh x) dx Jo <« w sinh" x 2(n Table 3 Values o/Pl to 18D Table 4 xJx(px) dx The values of are recorded in Table 3 , since they are the starting point for obtaining Ik and I*, and because they may be needed as in the example leading to (4) for moderate values of p and a, say for p and a each less than unit}", have been amply discussed in connection with similar integrals treated in references [2] , [3] , [4] and [7] . If either p or a (or both) should be considerably greater than unity in integrals such as those of equation (4), some special study of the integral in question is usually required and an effort should be made to determine some simple expression which the value of the integral approaches asymptotically for large values of the parameter or parameters. Usually this can be done by considering the physical problem in which the integral arose and by examining the known approximate solution for a limiting case of the problem. For example, suppose the integral / . \ -is Jo sum x + x to be evaluated for a series of values of p covering the range 0 ^ p < °o. The integral arises in a three-dimensional elasticity problem involving axially symmetric loads on a thick plate. By considering a limiting case of the physical problem or by other methods, it can be shown that ,"s f" xJx(px) dx 1 , ,
/ . V^ ,-«¡j-, for large p.
Jo sinh x 4-x 2p
Thus the range of values of p which must be considered is reduced to the range from zero to the lowest value at which equation (9) where k0(x) and kx(x) are modified Bessel functions of the second kind of order zero and one respectively. By evaluating the first four integrals and applying an Euler transformation to
